We consider symplectic manifolds with Hamiltonian torus actions which are "almost but not quite completely integrable": the dimension of the torus is one less than half the dimension of the manifold. We provide a complete set of invariants for such spaces when they are "centered" (see below) and the moment map is proper. In particular, this applies to the moment map preimages of all sufficiently small open sets.
Introduction
Let a torus T ∼ = (S 1 ) dim T act effectively on a symplectic manifold (M, ω) by symplectic transformations with a moment map Φ : M −→ t * , that is,
for every ξ in the Lie algebra t of T , where ξ M is the corresponding vector field on M . The dimension of the torus is at most half the dimension of the manifold. The difference k = 1 2 dim M − dim T is half the dimension of the symplectic quotient Φ −1 (α)/T at a regular value α ∈ Φ (M ) . We call this number k the complexity 1 . See Definition 1.2.
The cases when M is compact and the complexity is zero, also known as symplectic toric manifolds or Delzant spaces, are classified by their moment images [De1] .
The first examples of complexity one spaces are compact symplectic surfaces (with no action). By Moser [Mo] , these are classified by their genus and total area. Compact symplectic four manifolds with Hamiltonian circle actions were classified by the first author [K1] ; also see [AH, Au1, Au2] . In the algebraic category, complexity one actions (of possibly non-abelian groups) were recently classified by Timashëv [T1, T2] . Among other works on Lie group actions of complexity zero or one are [I, De2, W, GSj, Kn] in the symplectic category; [KKMS, OW, R, FK, BB, LV] in the algebraic category; [F, OR] in the smooth category.
This paper is the first in a series of papers in which we study complexity one spaces of arbitrary dimension. In this paper we study the basic building blocks: the preimages under the moment map of sufficiently small open subsets in t * . We provide invariants which determine these spaces up to an equivariant symplectomorphism. Moreover, our techniques apply to all centered complexity one spaces (see below).
In later papers, we will give a complete global classification of complexity one spaces. This will provide a basis from which to address global questions about complexity ones spaces, such as 1. What is the space of automorphisms? 2. When is there a compatible Kähler structure? 3. When are two complexity one spaces symplectomorphic? equivariantly diffeomorphic? diffeomorphic? In this paper, because we wish to restrict to the preimages of open subsets of t * , we do not insist that our manifolds be compact. Instead, we assume that the moment map is proper as a map to an open convex set U ⊂ t * , that is, that the preimage of every compact subset of U is compact. The connectedness and convexity theorems still hold in this generality.
Definition 1.2. Let T be a torus. A proper Hamiltonian T -manifold is a connected symplectic manifold (M, ω) together with an effective action of T , an open convex subset U ⊆ t * , and a proper moment map Φ : M −→ U . Here, t is the Lie algebra of T and t * the dual space. For brevity, in this paper we call (M, ω, Φ, U ) a complexity k space, where k = 1 2 dim M − dim T . An isomorphism between two such spaces over the same set U is an equivariant symplectomorphism that respects the moment maps. Example 1.3. A compact symplectic manifold with a torus action and a moment map is a proper Hamiltonian T -manifold over t * .
Example 1.4. Let (M, ω, Φ, U ) be a proper Hamiltonian T -manifold. For any open convex subset V ⊆ U , the preimage Φ −1 (V ) is a proper Hamiltonian T -manifold over V . The fact that it is connected follows from the facts that Φ : Φ −1 (V ) −→ V ∩ Φ(M ) is proper and its image and fibers are connected (see Theorem 2.3) by easy point-set topology.
We will now describe invariants of a complexity one space. Over sufficiently small subsets of t * , these will be enough to characterize the space.
The Liouville measure on a 2n dimensional symplectic manifold (M, ω) is given by integration of the volume form ω n /n! with respect to the symplectic orientation.
In the presence of a Hamiltonian action, the Duistermaat-Heckman measure is the push-forward of Liouville measure by the moment map. It is equal to the Duistermaat-Heckman function times Lebesgue measure on t * . Assume M is connected. For any value α ∈ Φ(M ), if the symplectic quotient Φ −1 (α)/T is not a single point it is homeomorphic to a connected closed oriented surface (see Proposition 6.1). The genus of this surface does not depend on α (see Corollary 9.9); we call it the genus of the complexity one space.
The stabilizer of a point x ∈ M is the closed subgroup H = {λ ∈ T | λ · x = x}. The isotropy representation at x is the linear representation of H on the tangent space T x M . Points in the same orbit have the same stabilizer and their isotropy representations are linearly symplectically isomorphic; this isomorphism class is the isotropy representation of the orbit.
An orbit is exceptional if every nearby orbit in the same moment fiber has a strictly smaller stabilizer. Since each moment fiber is compact, it contains finitely many exceptional orbits. The isotropy data at α ∈ U is the unordered list of isotropy representations of the exceptional orbits in Φ −1 (α).
With these definitions on hand, let us state our main theorem, which gives necessary and sufficient conditions for two complexity one spaces to be locally isomorphic.
Theorem 1 (Local Uniqueness). Let (M, ω, Φ, U ) and (M ′ , ω ′ , Φ ′ , U ) be complexity one spaces. Assume that their Duistermaat-Heckman measures are the same and that their genus and isotropy data over α ∈ U are the same. Then there exists a neighborhood of α over which the spaces are isomorphic.
Here is a simple proof of Theorem 1 in the case that the torus action on Φ −1 (α) is free:
The symplectic quotient Φ −1 (α)/T is a symplectic surface. Its symplectic area is the value of the Duistermaat-Heckman function at α. Together with the genus, this determine the surface. The moment fiber Z := Φ −1 (α) is a principal T -bundle over the symplectic quotient. Its Chern class is given by the slope of the Duistermaat-Heckman function at α [DH] .
The pullback to the moment fiber Z of the symplectic form on the symplectic quotient is the restriction i * Z ω of ω to Z. By the equivariant coisotropic embedding theorem (see [W1, lecture 5] ). a neighborhood of the moment fiber Z is determined up to equivariant symplectomorphism by (Z, i * Z ω). Since the moment map is proper, this neighborhood contains the preimage of a neighborhood of α. This argument straightforwardly extends to the case that α is a regular value of the moment map. The main volume of this paper consists of carefully extending the argument to singular values of the moment map.
Additionally, we prove a variation of the theorem for "centered spaces" over larger subsets of t * . Recall that the orbit type strata are the connected components of the sets of points with the same stabilizer.
Theorem 2 (Centered Uniqueness). Let (M, ω, Φ, U ) and (M ′ , ω ′ , Φ ′ , U ) be complexity one spaces that are centered about α ∈ U . Assume that their Duistermaat-Heckman measures are the same and that their genus and isotropy data over α ∈ t * are the same. Then the spaces are isomorphic.
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Background
We now set our notation and review some background material. Let a torus T act effectively on a symplectic manifold (M, ω) . The symplectic slice at x ∈ M is the symplectic vector space
where O is the T -orbit of x in M . Let H ⊂ T be the stabilizer of x. The isotropy representation of H on T x M induces a representation on the symplectic slice, called the slice representation. The slice representation is isomorphic to the action of H on C n through an inclusion ρ = (ρ 1 , . . . , ρ n ) : H −→ (S 1 ) n . The isotropy representation is the direct sum of the slice representation and a trivial representation. The isotropy characters ρ i are determined up to permutation. The differential of each ρ i : H −→ S 1 is an element η i of the dual space h * . The η i are called the isotropy weights.
We fix an inner product on the Lie algebra t of our torus T , once and for all. This determines a projection t −→ h and, dually, an inclusion h * ֒→ t * for any subspace h ⊂ t. Throughout this paper, we will identify h * with its image in t * .
The Guillemin-Sternberg-Marle local normal form theorem classifies the neighborhoods of orbits in symplectic manifolds with Hamiltonian actions of compact groups. We state it for tori:
Theorem 2.1 (Local normal form). Let a closed subgroup H of a torus T act on C n by an inclusion ρ : H −→ (S 1 ) n with weights η 1 , . . . , η n and moment map Φ H (z) = 1 2 n j=1 |z j | 2 η j .
1. Equip T * (T ) × C n with the standard symplectic form and the diagonal H action. Its symplectic quotient by H can be identified with the model
is a moment map for the left T action. Here, T * (T ) = T × t * is the cotangent bundle of T 2. Let the torus T act effectively on a symplectic manifold (M, ω) with a moment map Φ : M −→ t * . Given a point x ∈ M with slice representation ρ, there exists a neighborhood of the orbit T · x that is equivariantly symplectomorphic to a neighborhood of the orbit
This is proved in [GS2] and in [M] . The local normal form theorem implies an important special case of Theorem 1: We will also use the following global properties: These properties, which are intimately related to each other, are due to Atiyah, Guillemin and Sternberg in the compact case. For Convexity and Connectedness, see [At] . For Convexity and Stability, see [GS1] . For proper moment maps to open convex sets and a brief history, see [LMTW] .
Eliminating the symplectic form
Our next task is to free ourselves from the symplectic form. In this section we show that, instead of working with equivariant symplectomorphisms, it is enough to work with equivariant diffeomorphisms that respect the orientation and the moment map. These are much easier to work with, as one can apply techniques from differential topology. In this section and the next one we will need to assume the following technical condition:
In fact, this restriction map is always one-to-one. We prove this for the preimage of small open sets in this paper; see Corollary 9.8 and Lemma 5.6. In a later paper, we will prove it for all complexity one spaces. The following proof of Proposition 3.3 relies on a couple of technical lemmas which we postpone until after the proof.
Proof. Let g : M −→ M ′ be a Φ-T -diffeomorphism. By Lemma 3.5, there exists a basic one-form β on M (see Remark 3.4) such that dβ = g * ω ′ − ω. We now apply Moser's method:
Define ω t := (1 − t)ω + tg * ω ′ for all 0 ≤ t ≤ 1. By Lemma 3.6 below, the ω t are nondegenerate. Let X t be the vector field determined by i Xt ω t = −β. The vector field X t preserves the level sets of Φ, because for every
The vector field X t is invariant because ω t and β are invariant. Consequently, g t is equivariant, and hence is a Φ-T -diffeomorphism. Finally,
In other words, g 1 is an (equivariant) symplectomorphism.
Before proving the technical lemmas used in the above proof, let us recall the notion of basic forms:
Remark 3.4. Let a compact Lie group G act on a manifold M , and for ξ ∈ g let ξ M be the generating vector-fields. A differential form β on M is basic if it is G invariant and horizontal, that is, ι ξM β = 0 for all ξ ∈ g. The basic differential forms on M constitute a differential complex Ω * basic (M ) whose cohomology coincides with theČech cohomology of the topological quotient, M/G. See [Kl] . To see this, repeat the standardČech-de Rham spectral-sequence argument, as in [BT] . It still works because, by the local normal form for smooth actions of compact Lie groups, every orbit in M has a neighborhood on which the complex of basic forms is acyclic.
Lemma 3.5. Let (M, ω, Φ, U ) and (M ′ , ω ′ , Φ ′ , U ) be complexity one spaces. Assume that the Duistermaat-Heckman measures for M and M ′ are the same, and that the spaces satisfy Condition (3.2). Then for every Φ-T -diffeomorphism g :
Proof. Let Ω = g * ω ′ − ω. Since ω and g * ω ′ are closed invariant symplectic forms on M with the same moment map, ι(ξ M )Ω = 0 for all ξ ∈ t. Since Ω is also invariant, it is basic.
By Condition (3.2) it suffices to show that the restriction of Ω to the fiber Φ −1 (α) is exact for some regular value α of Φ. Since this restriction is the pull-back of a differential form Ω red on the orbifold M red = Φ −1 (α)/T , it is enough to show that Ω red is exact. Since M red is two dimensional, it is enough to show that the integral of Ω red over it is zero, i.e., that the integrals of ω and g * ω ′ are equal. But this follows from the fact that the Duistermaat-Heckman measures for M and M ′ are the same, because the density functions for these measures are given by the symplectic volumes of the symplectic quotients; see [DH, §3] .
Proof. First, let a compact abelian Lie group H act on C n as a codimension one subgroup of (S 1 ) n with isotropy weights η 1 , . . . , η n ∈ h * . The vector fields for this action are
Letω 0 andω 1 be invariant symplectic forms on C n with constant coefficients that have the same moment map, Φ H , and that induce the same orientation. We will show thatω t = (1 − t)ω 0 + tω 1 is non-degenerate.
Becauseω t is real valued, it can be written in the form
Differentiating again,
By what we have shown, if η j = 0, the coefficients A t j , B t jk , and C t jk are determined by Φ H . Thus, if no weight is zero,ω t is independent of t, hence it is non-degenerate. Since the action is effective and the dimension of h * is n − 1, the only other possibility is that exactly one of the weights -let's say the first oneis zero, and the others form a basis of h * . In this case, B t ij = C t ij = 0 for all i and j, and so the top power ofω t is n j=1 A t j times the standard volume form. Sincẽ ω 0 andω 1 induce the same orientation, and since A t j is determined by Φ H and hence independent of t for j = 1, the signs of A 0 1 and A 1 1 are the same. Therefore,
By the local normal form theorem, a neighborhood of the orbit T · x in M with the symplectic form ω 0 is equivariantly symplectomorphic to a neighborhood of the orbit {[t, 0, 0]} in the model T × H C n × h 0 . The tangent space at x splits as
where t/h is the tangent to the orbit. By the definition of the moment map, ω t | x is given by a block matrix of the form
where I is the natural pairing between the vector space t/h and its dual, h 0 , and whereω 0 andω 1 are linear symplectic forms on C n with the same moment map and the same orientation. By the above argument,ω t is nondegenerate. Consequently, ω t | x is nondegenerate.
Passing to the quotient
In this section we show that, as long as two complexity one spaces have the same Duistermaat-Heckman measure, we can reduce the problem of finding a Φ-Tdiffeomorphism between them to the easier problem of finding a Φ-diffeomorphism between their quotients. Some techniques in this section are adapted from Haefliger and Salem [HS] .
Let a compact torus T act on a manifold N . The quotient N/T can be given the quotient topology and a natural differential structure, consisting of the sheaf of real-valued functions whose pullbacks to N are smooth. We say that a map h : N/T −→ N ′ /T is smooth if it pulls back smooth functions to smooth functions; it is a diffeomorphism if it is smooth and has a smooth inverse. See [Sch2] . If N and N ′ are oriented, the choice of an orientation on T determines orientations on the smooth part of N/T and N ′ /T . Whether or not a diffeomorphism f : N/T −→ N ′ /T preserves orientation is independent of this choice.
While this notion of diffeomorphism is natural, we will also need another less natural but stronger notion. 
2. Each of Ψ and Ψ −1 lifts to a Φ-T -diffeomorphism in a neighborhood of each exceptional orbit.
The first step in proving this proposition is to show that on the non-exceptional orbits every Φ-diffeomorphism lifts locally to a Φ-T -diffeomorphism. We do this in the next three lemmas.
Lemma 4.3. Every local model for a non-exceptional orbit in a complexity one space has the form
where (C h+1 ) H is the subspace fixed by H. By the definition of exceptional orbit, this subspace is not trivial. Therefore, the local model becomes (4.4), where the group H acts trivially on C and acts on C h through an inclusion into (S 1 ) h . By a dimension count, this inclusion must be an isomorphism.
The following lemma tells us that neighborhoods of nonexceptional orbits can be read off from the moment image.
Lemma 4.6. Let (M, ω, Φ, U ) be a complexity one space. Assume that the preimage Φ −1 (α) of α ∈ U contains a non-exceptional orbit.
There exists a closed connected subgroup H ⊆ T with Lie algebra h and a basis {η j } for the weight lattice in h * so that 1. The group H is the stabilizer and the η j are the non-zero isotropy weights of every non-exceptional orbit in Φ −1 (α).
In a neighborhood of α, the image Φ(M ) coincides with the Delzant cone
Proof. Consider the slice representation at any non-exceptional orbit. By Lemma 4.3 above, the stabilizer H is connected, Since the action is effective, the isotropy weights η j generate the weight lattice. The stabilizer and these weights are determined by the image of the moment map for a local model; this image is the Delzant cone h 0 + j R + η j . Finally, by the stability of the moment map, the image of the moment map is the same for every local model in Φ −1 (α).
Corollary 4.7. Over the interior of the moment image, the nonexceptional orbits are precisely the free orbits. 
Since g preserves the moment map, it necessarily has the form
Since both g and its inverse are smooth, ζ and γ must themselves be smooth.
Theng is a smooth equivariant lift of g, and it has a smooth inverse given by [t, z, ζ, ν 
We deduce that a Φ-diffeomorphism lifts to a Φ-T -diffeomorphism locally; we still need to show that, in the proper circumstances, a Φ-diffeomorphism that lifts locally also lifts globally. We do this in the lemma below; the basic idea is that the Duistermaat-Heckman measure determines the "fibration
Proof. Let T, t, and ℓ denote the sheaves of smooth functions from M/T to T , t, and ℓ, respectively. Here, ℓ denotes the lattice in t. Let t denote the sheaf of locally constant function to t. 
that is a lift of Ψ. By Lemma 4.11 below, there exist smooth invariant functions g ij : U i ∩ U j −→ T such that g ij · Ψ j = Ψ i for all i and j. These functions form ǎ Cech cocycle g ∈Č 1 (U, T ). The map Ψ will lift to a global Φ-T -diffeomorphism exactly if the corresponding cohomology class [g] ∈Ȟ 1 (M/T, T ) is trivial.
The short exact sequence 0 −→ ℓ −→ t −→ T −→ 0 induces a long exact sequence in cohomology. Since there exists a smooth partition of unity on M/T ,
is torsion free, it is enough to show that the image of [g] inȞ 2 (Σ, t) vanishes. TheČech-de Rham isomorphism for basic forms on Φ −1 (α) (see Remark 3.4) takes this image to the cohomology class of the basic differential two-form whose
(the sign depending on conventions), where {λ i } is a partition of unity subordinate to U ∩ Φ −1 (α). We claim that this is exact as a basic form.
The curvature forms dΘ and dΘ ′ are basic. Their integrals over the symplectic quotients are equal to the slopes of the Duistermaat-Heckman function of M and of M ′ at α [DH] . Since these slopes are the same, and since Φ −1 (α)/T is a two dimensional orbifold, the difference between dΘ and Ψ * dΘ ′ is exact as a basic form. A simple computation shows that this difference is equal to (4.10).
In the above proof we used the following theorem of Haefliger and Salem, based on a lemma of Schwarz. 
We are finally ready to prove our main proposition. 
Symplectic representations
So far, we have shown that two complexity one spaces with the same Duistermaat-Heckman measure are isomorphic if their quotients are Φ-diffeomorphic as long as the spaces satisfy Condition (3.2). The rest of the paper is dedicated to proving that, over small subsets of t * , the quotients are indeed Φ-diffeomorphic if the spaces have the same genus and isotropy data, and that Condition (3.2) is always satisfied.
In preparation for this, in this section we analyze how the weights of a symplectic representation can be read from its moment map. The key ingredient, which we use repeatedly, is simply the formula for the moment map: let a compact abelian group H act effectively on C n as a subgroup of (S 1 ) n with weights η 1 , . . . , η n . Then
is a moment map.
Lemma 5.2. Let a compact abelian group H act effectively on C n with weights η 1 , . . . , η n . The moment map Φ H is onto if and only if there exist ξ j > 0 so that ξ j η j = 0.
Proof. Suppose that the moment map Φ H is onto. Then every element of h * is in the non-negative span of the {η j }. In particular, there exist a j ≥ 0 such that a j η j = j −η j , that is, (1 + a j )η j = 0. Let ξ j = 1 + a j . Conversely, suppose that there exist positive ξ j 's so that ξ j η j = 0. Let α ∈ h * be any element. Because the action is effective, its weights, η j , span h * , so there exist a j , j = 1, . . . , n, such that α = j a j η j . Because j ξ j η j = 0, we also have α = j (a j + tξ j )η j for any t ∈ R. Because ξ j > 0 for all j, if we take t large enough we get that α is in the positive span of the η j .
Lemma 5.3. Let a compact abelian group H act effectively on C n with moment map Φ H . The moment map Φ H is not proper if and only if there exist ξ j ≥ 0, not all zero, such that ξ j η j = 0.
Proof. Suppose that ξ j η j = 0 for some ξ j ≥ 0, not all zero. Since the moment
This analysis already distinguishes the two possibilities for non-empty moment fibers.
Lemma 5.4. Let (M, ω, Φ, U ) be a proper Hamiltonian T -manifold. For any α ∈ U , if the moment fiber Φ −1 (α) is not empty, it consists of either 1. a single orbit, which has a local model with a proper moment map, or 2. infinitely many orbits, each of which has a local model with a non-proper moment map. If α ∈ interior(Φ(M )), the second case occurs.
where Φ H is the moment map for ρ and where α = Φ(x).
By Lemma 5.3 and equations (5.1) and (5.5), the moment map Φ Y is proper if and only if the moment fiber Φ −1 Y (α) consists of a single orbit, and otherwise Φ −1 Y (α) contains infinitely many orbits near {[t, 0, 0]}. The lemma now follows from the local normal form theorem and the connectedness of moment fibers.
We will also use the following corollary of Lemma 5.4.
Lemma 5.6. Let (M, ω, Φ, U ) be a proper Hamiltonian T -manifold, and let α be a point in U whose moment fiber Φ −1 (α) contains exactly one orbit. Then every neighborhood of α which is contained in U contains a smaller neighborhood V whose preimage, Φ −1 (V ), is contractible.
Proof. Let Y = T × H C n × h 0 be the corresponding model. By Lemma 5.4, the moment map Φ Y is proper. By Proposition 2.2, the preimage in M and in Y of a sufficiently small neighborhood V of α are isomorphic. Thus, we may work purely inside Y . Choose a neighborhood of α of the form
We have already proved the local uniqueness theorem (Theorem 1) in case 1 of Lemma 5.4. This is Proposition 2.2. Therefore, for the rest of the proof of the theorem we may focus on case 2 of Lemma 5.4.
So far, we have been allowing actions of any complexity, but we now restrict to complexity one to define a useful polynomial:
Lemma 5.7. Let an h-dimensional compact abelian Lie group H act on C h+1 as a subgroup of (S 1 ) h+1 with a moment map that is not proper. Then there exists a unique polynomial
with ξ j ≥ 0 for all j, such that the following sequence is exact:
Moreover, ξ j > 0 for all j exactly if the moment map is onto.
Proof of Lemma 5.7. Because the quotient (S 1 ) h+1 /H is a one dimensional compact connected Lie group, there exists a homomorphism P : (S 1 ) h+1 −→ S 1 such that the sequence (5.9) is exact. Such a homomorphism must be of the form
for some integers ξ 0 , . . . , ξ h . Let η j ∈ h * denote the weights for the H-action on C h+1 . Differentiating the identity P • ρ = 1 from (5.9), we get j ξ j η j = 0. (5.11) By Lemma 5.3, because the moment map Φ H is not proper, there exist nonnegative numbers ξ ′ 0 , . . . , ξ ′ h , not all zero, such that ξ ′ j η j = 0. Since ξ j η j = 0, by a dimension count the vector (ξ j ) must be a multiple of the vector (ξ ′ j ). Therefore, after possibly replacing the vector (ξ j ) by the vector (−ξ j ), all the ξ j 's are non-negative. By Lemma 5.2 and a similar dimension count, the ξ j are strictly positive exactly if the moment map is onto.
Definition 5.12. We call P the defining polynomial of the representation of H on C h+1 . We will also use this name for the map P : C h+1 −→ C given by the same formula P (z) = j z ξj j , its extension to the local model P : Y = T × H C h+1 ×h 0 −→ C given by P ([t, z, ν]) = P (z), and the induced quotient map P : Y /T −→ C. We trust that this will not cause confusion.
It is sometimes convenient to split a complexity one linear representation into the direct sum of two representations, one whose moment map is onto, and one which is toric.
Lemma 5.13. Let an h-dimensional copmact abelian Lie group H act on C h+1 through an inclusion ρ : H ֒→ (S 1 ) h+1 . After a permutation of the coordinates, there exist splittings
such that H ′ acts on C h ′ +1 as a subgroup of (S 1 ) h ′ +1 with a surjective moment map, and H ′′ acts on C h ′′ through an isomorphism with (S 1 ) h ′′ .
Proof of Lemma 5.13. Consider the defining polynomial, P (z) = z ξj j . Let h ′′ be the number of j's such that ξ j = 0, and let h ′ = h − h ′′ . We can assume that ξ j > 0 for 0 ≤ j ≤ h ′ and ξ h ′ +j = 0 for 1 ≤ j ≤ h ′′ . Then P defines a polynomial P ′ : (S 1 ) h ′ +1 −→ S 1 .
Let us identify H with its image in (S 1 ) h+1 . Then
Let H ′ = ker P ′ and H ′′ = (S 1 ) h ′′ . By Lemma 5.7, the moment map for H ′ is onto.
The topology of the quotient
In this section we describe the topology of the quotient M/T , in preparation for showing that two such quotients are Φ-diffeomorphic if they have the same genus and isotropy data.
The subset of M/T consisting of the complement of those moment fibers that contain single orbits is, topologically, a manifold with boundary.
The symplectic quotients Φ −1 (α)/T that contain more than one point are, topologically, closed connected oriented surfaces.
Proof. The first claim follows immediately from Lemma 5.4, the local normal form theorem, and Lemma 6.2 below.
The fact that the symplectic quotients which contain more than one orbit are topological surfaces follows immediately from Lemma 5.4, the local normal form theorem, and Corollary 6.3 below. These surfaces are closed because the moment map is proper. They are connected by the connectedness of moment fibers. The symplectic structure on the symplectic quotient induces an orientation on the complement of a discrete set of points (namely, the exceptional orbits) and hence on the symplectic quotient itself. 
Corollary 6.3. The restriction of the defining polynomial to the symplectic quotient,
Definition 6.4. Let Y = T × H C h+1 × h 0 be a local model with a non-proper moment map. The map F of Lemma 6.2 is called the trivializing homeomorphism of the model.
The motivation for the name "trivializing homeomorphism" is that F exhibits the quotient Y /T as a trivial bundle, with fiber C, over a polygonal subset of t * . Moreover, once we remove the moment fibers which contain single orbits, the map Φ : M/T −→ U induced by the moment map exhibits M/T , topologically, as a surface bundle over image Φ. This surface bundle plays an important role in the global classification of complexity one spaces, which will be given in subsequent papers.
Proof of Lemma 6.2. To show that F is a homeomorphism, it is both necessary and sufficient to prove that the map (Φ H , P ) : C h+1 −→ (image Φ H ) × C is onto and proper and that its fibers are exactly the H-orbits. (This follows from the formulas for F and Φ Y .)
We will begin by assuming that the moment map Φ H is onto h * . By Lemma 5.7, this implies that the ξ j 's are positive.
Consider the commuting diagram
Let W be the boundary of the positive orthant R h+1 + . Since ξ j > 0 for all j, the map (x, t) → x + tξ is a homeomorphism which identifies the product W × R + with the orthant R h+1 + . The map F then becomes a map from W × R + to h * × R + , given by the formula
where in the first coordinate we used the equality η i (x i + tξ i ) = η i x i . The map F is one-to-one and onto, because the function x → h j=0 x j η j is a homeomorphism from W onto h * , and because for each x ∈ W , the function t → h j=0 (x j + tξ j ) ξj (6.6) from R + to R + is one to one and onto. The function (6.6) approaches infinity uniformly in x ∈ W as t −→ ∞. Therefore, F is proper.
The properness of (Φ H , P ) follows from that of F and q 1 .
Let us now show that (Φ H , P ) is onto h * × C. Since F is onto, for any (α, ζ) ∈ h * × C there exists z ∈ C h+1 such that Φ H (z) = α and |P (z)| 2 = |ζ| 2 . Choose b ∈ S 1 so that P (z) = bζ. Since the map P : (S 1 ) h+1 −→ S 1 is onto, there exists a ∈ (S 1 ) h+1 such that P (a) = b −1 . Then (Φ H , P )(az) = (α, ζ).
Let us now show that the level sets of (Φ H , P ) are the orbits of H. Suppose that Φ H (z) = Φ H (z ′ ) and P (z) = P (z ′ ) for some z and z ′ in C h+1 . Since F is one to one, there exists λ ∈ (S 1 ) h+1 such that z ′ = λz. We must show that λ can be chosen to be in H. If all the coordinates of z are non-zero, P (λz) = P (z) implies that P (λ) = 1, which further implies that λ ∈ H, by (5.9).
If one of the coordinates of z, say z 0 , is zero, then it is enough to show that the (S 1 ) h+1 -orbit of z coincides with the H-orbit of z. By a dimension count, it is enough to show that the (S 1 ) h+1 -stabilizer of z is not contained in H. Because z 0 = 0, the (S 1 ) h+1 -stabilizer of z contains the circle (a 0 , 1, . . . , 1). Since ξ 0 = 0, the polynomial P is not constant on this circle. By exactness of (5.9), this circle is not contained in H.
For the general case, we may let
be the splitting into a surjective part and a toric part, as described in Lemma 5.13.
, P (z)) is proper, its fibers are the H ′ orbits, and it is onto (h ′ ) * × C, as we have shown above. The map w → Φ H ′′ (w) is a moment map for a toric action, so it is proper and its level sets are H ′′ orbits. Thus, the map
is proper, onto (image Φ H ) × C, and its level sets are the H-orbits. This is precisely what we needed in order to deduce that F is a homeomorphism.
7. The smooth structure on the quotient.
In the previous section we showed that, if no moment fiber contains exactly one orbit, both the ordinary quotient M/T and the symplectic quotient Φ −1 (α)/T are topologically manifolds (with boundary). In this section we will show that they are smooth manifolds (with corners) -outside the exceptional orbits.
We have already given M/T the quotient differentiable structure, by specifying the sheaf of smooth functions to be the sheaf of functions that pull back to smooth T -invariant functions on M (as in section 4). However, there is another way to give M/T a differentiable structure: we can cover M with local models, Y , and take the trivializing homeomorphisms F : Y /T −→ (image Φ Y ) × C (see section 6) as local charts. Outside the set of exceptional orbits, the two strategies give the same well-defined smooth structure:
Lemma 7.1. Let T be a torus. Let a closed h-dimensional subgroup H of T act on C h+1 as a subgroup of (S 1 ) h+1 with a non-proper moment map. Consider the model Y = T × H C h+1 × h 0 . Let E ⊂ Y be the union of the exceptional orbits. Let
be the trivializing homeomorphism (see Definition 6.4).
Then the restriction of F to (Y E)/T pulls back the sheaf of smooth functions on t * × C onto the sheaf of smooth functions on the quotient.
A similar statement holds for the symplectic quotients:
Corollary 7.2. The restriction of the defining polynomial
In contrast, at the exceptional orbits the trivializing homeomorphism and defining polynomial need not respect the differentiable structure.
Our proof of Lemma 7.1 will use the following criterion for non-exceptional orbits:
Lemma 7.3. Let an h dimensional compact abelian Lie group H act on C h+1 as a subgroup of (S 1 ) h+1 with a surjective moment map. Let P (z) = z j ξj be the defining polynomial. The orbit of z ∈ C h+1 is exceptional unless 1. z j = 0 for all j, or 2. there exists an index i such that ξ i = 1 and z j = 0 for all j = i.
Proof. Since the moment map is onto, by Corollary 4.7 the H-orbit of z is nonexceptional if and only if the stabilizer of z in H is trivial. We identify H with the subgroup of (S 1 ) h+1 by which it acts. The stabilizer of z then consists of those elements λ ∈ (S 1 ) h+1 such that λ j = 1 whenever z j = 0 and such that P (λ) = λ ξj j = 1.
Before proving Lemma 7.1 in its full generality, we prove the following variant, which in particular implies the lemma for the case that the moment map is onto.
Lemma 7.4. Let a compact abelian group H act on C h+1 as a codimension one subgroup of (S 1 ) h+1 with a surjective moment map Φ H . Denote by U the union of the non-exceptional orbits in C h+1 . For any manifold N , the map
is a diffeomorphism with its image, i.e., it pulls back the sheaf of smooth functions on N × h * × C onto the sheaf of smooth functions on the quotient.
Proof. Since H acts freely on U , the quotient U/H is naturally a smooth manifold (with the quotient differential structure). The map (7.5) is smooth, and, by Lemma 6.2, it is a homeomorphism onto its image. Since a smooth homeomorphism between two smooth manifolds of the same dimension is a diffeomorphism exactly at those points where it is a submersion, we need to show that (dΦ H , dP )| z is onto for all non-exceptional z ∈ C h+1 . To show that (dΦ H , dP )| z is onto, it is enough to find ζ ∈ T z C n = C n such that dΦ H | z (ζ) = dΦ H ( √ −1ζ) = 0 and dP | z (ζ) = 0. To see this note that, since H acts freely, dΦ H | z is onto h * . Additionally, since P is holomorphic, dP | z (ζ) and dP | z ( √ −1ζ) = √ −1dP | z (ζ) form a real basis to C. Recall that P (z) = z ξj j and Φ H (z) = 1 2 j η j z j z j . Hence
Subcase A: all the coordinates of z are non-zero. In this case,
Let (ζ j ) = ( 
Subcase B: one of the coordinates of z, say, z 1 , is zero, ξ 1 = 1, and z j = 0 for all j = 1. In this case,
Let ζ 1 = 1 and ζ j = 0 for all j = 1. Then
Proof of Lemma 7.1. Let C h+1 = C h ′ +1 × C h ′′ and H = H ′ × H ′′ be the splitting into a surjective part and a toric part, as described in Lemma 5.13. With this splitting, the local model is
and its quotient is
The union of the non-exceptional orbits in this quotient is (7.6) where U ′ is the union of the free orbits in C h ′ +1 . Under the identification t * = (h ′ ) * × (h ′′ ) * × h 0 , the trivializing homeomorphism F on (7.6) is
where P is the defining polynomial.
Lemma 7.4 implies that the map
By a theorem of Schwartz [Sch1] , any invariant smooth function can be expressed as a smooth function of real invariant polynomials. Since H ′′ acts on C h ′′ through an isomorphism with (S 1 ) h ′′ , the ring of H ′′ -invariant polynomials in (α, z ′′ , ν, ζ) is generated by the coordinates of α and ν, the real and imaginary parts of ζ, and |z 1 | 2 , . . . , |z h ′′ | 2 . Finally, note that
Hence, every smooth invariant function is the pullback via (7.7) of a smooth function.
The associated surface
In this section we associate to a moment fiber Φ −1 (α) in a complexity one space a smooth marked surface whose underlying topological space is the symplectic quotient Φ −1 (α)/T . We do not, however, define a functor from a category of complexity one spaces to a category of marked surfaces. For one thing, our construction depends on a choice. More seriously, a smooth map between two complexity one spaces does not induce a smooth map between the associated surfaces, nor visa versa. This is unfortunate, because we will easily obtain an isomorphism between the marked surfaces if the genus and isotropy data are the same. In the next few sections we will show that, in spite of this lack of functoriality, we can obtain an isomorphism of complexity one spaces from an isomorphism of marked surfaces.
As we saw in the previous section, on the complement of the exceptional orbits the symplectic quotient is naturally a smooth surface. Unfortunately, it is not naturally smooth near the exceptional orbits. Nevertheless, we can use the defining polynomials of section 5 to give it a smooth structure. However, in order to do this, we must make arbitrary choices: we must identify open subsets of the manifold with open subsets of the local models. We call these choices grommets: The name "grommet" is better motivated in the following definition:
Definition 8.2. Let Σ be a smooth oriented two dimensional manifold. A grommet at a point q ∈ Σ is a diffeomorphism ϕ : B −→ Σ from a neighborhood B of the origin in C onto an open subset of Σ, such that ϕ sends the origin 0 to the point q.
Remark 8.3. Let (M, ω, Φ, U ) be a complexity one space and consider α ∈ U such that the moment fiber Φ −1 (α) contains more than one orbit. Any grommet ψ : D −→ M with ψ([t, 0, 0]) = O ∈ Φ −1 (α) induces a "coordinate chart" on the symplectic quotient Φ −1 (α)/T , that is, a homeomorphism ϕ from a subset B ⊂ C into Φ −1 (α)/T , such that ϕ(0) = O. Explicitly, the map P α : (D∩Φ −1 Y (α))/T −→ C given by the defining polynomial is a homeomorphism onto its image B, and ϕ := ψ • P −1 α : B −→ Φ −1 (α)/T is a homeomorphism onto its image, where ψ is induced from ψ.
Definition 8.4. Let (M, ω, Φ, U ) be a complexity one space and α ∈ U a point whose moment fiber contains more than one orbit. For each exceptional orbit E j in Φ −1 (α), let ψ j : D j −→ M be a grommet such that ψ j ([t, 0, 0]) = E j . The associated marked surface consists of the following data:
1. The connected oriented two-dimensional topological manifold Σ = M red = Φ −1 (α)/T . 2. The set of marked points {q j } in Σ that corresponds to the set of exceptional orbits {E j } in Φ −1 (α). 3. The smooth manifold structure on Σ that is given by the following coordinate charts. For each exceptional orbit E j in Φ −1 (α), take the given grommet. For each non-exceptional orbit O in Φ −1 (α), choose an arbitrary grommet with ψ([t, 0, 0]) = O. For each grommet, take the induced coordinate chart on Σ as described in Remark 8.3. 4. At each marked point q j , the grommet on Σ that is given by the coordinate chart of item 3. 5. For each marked point q j , a label consisting of the isotropy representation at the corresponding exceptional orbit.
The image of the grommet ψ j does not contain any of the other exceptional orbits, E i , i = j; this follows from the fact that the model contains at most one exceptional orbit in each moment fiber (see Lemma 7.3). The fact that the charts in item 3 give a well defined smooth structure on M/T follows from this and from the fact that the smooth structures coincide on this complement (see Corollary 7.2).
Flattening the quotient
We are now ready to show that, after possibly replacing M by the preimage of a small subset of t * , the quotient M/T is determined by the associated marked surface Σ. Topologically, there is a homeomorphism from the quotient M/T to the product Σ×(image Φ). Moreover, this homeomorphism can be chosen to respect the smooth structure in a certain sense. Such a homeomorphism is called a flattening; a precise definition is given below.
We begin by the definition for a local model. Let T be a torus, and let a closed subgroup H ⊆ T act on C n as a codimension one subgroup of (S 1 ) n with a nonproper moment map. Consider the model
Recall from Corollary 6.3 that the defining polynomial P : Y /T −→ C restricts to a homeomorphism P α : Φ −1 Y (α)/T −→ C. Definition 9.1. The standard flattening of Y is the map
The standard flattening is a homeomorphism by Lemma 6.2.
Definition 9.2. The exceptional sheet in the model Y is the subset
Every exceptional orbit is contained in S, by Lemma 7.3. Thus, by Lemma 7.1 and Corollary 7.2, the standard flattening δ is a diffeomorphism of (Y S)/T with its image.
Grommets were defined in Definition 8.1. Flattenings will involve grommets that are sufficiently large, in the following sense: 
We are now ready to define the flattening of a complexity one space.
Definition 9.4. Let (M, ω, Φ, U ) be a complexity one space. Assume that the moment fiber over α ∈ U contains more than one orbit. A flattening of the space (M, ω, Φ) about α consists of the following data.
1. A homeomorphism
whose second coordinate is induced by the moment map. 2. For each exceptional orbit E j in Φ −1 (α), a wide grommet ψ j : D j −→ M such that ψ j ([t, 0, 0]) = E j . We require that the following two conditions be satisfied:
1. The restriction of δ to the complement of the exceptional sheets,
must be a diffeomorphism, in the sense discussed at the beginning of section 4. 2. Additionally, near the exceptional sheets δ must be given by the standard flattenings of the local models. More precisely, the following diagram must commute: (9.6) where Φ j is the moment map on the corresponding local model
denotes the standard flattening of Y j , and where ψ j : D j /T −→ M/T is induced by the grommet. In particular, we require that the diagram be well defined, i.e., that the image δ j (D j /T ) be contained in ((Φ −1 j (α) ∩ D j )/T ) × t * . The rest of this section is devoted to showing that flattenings always exist locally:
Lemma 9.7. Let (M, ω, Φ, U ) be a complexity one space, and let α ∈ t * be a point whose moment fiber contains more than one orbit. Then there exists a neighborhood V of α contained in U whose preimage, Φ −1 (V ), admits a flattening about α.
Since image Φ is convex, and hence contractible, the following consequence is immediate:
Corollary 9.8. Let (M, ω, Φ, U ) be a complexity one space. Consider α ∈ U such that the moment fiber Φ −1 (α) contains more than one orbit. Then for every sufficiently small convex neighborhood V of α, the restriction map
is an isomorphism for all y ∈ Φ(V ). In particular, Φ −1 (V ) satisfies Condition (3.2).
Since the set of points in U whose moment fiber has more than one orbit is connected by Lemma 5.4, Lemma 9.7 has the following additional immediate consequence:
Corollary 9.9. Let (M, ω, Φ, U ) be a complexity one space. Then all the symplectic quotients Φ −1 (α)/T that contain more than one point have the same genus. Thus, the genus of a complexity one space (see section 1) is well-defined.
The following lemma is a first step for the proof of Lemma 9.7.
Lemma 9.10. Let (M, ω, Φ, U ) be a complexity one space, and assume the moment fiber over α ∈ U contains more than one orbit. Denote the exceptional orbits in
After replacing M by the preimage of some neighborhood of α in U , there exist wide grommets ψ j : D j −→ M such that ψ j ([t, 0, 0]) = E j and the images ψ j (D j ) have pairwise disjoint closures.
Proof. By Lemma 5.4, for every exceptional orbit E j over α, the corresponding local model has a non-proper moment map, Φ j : Y j −→ t * . By the local normal form theorem, we may choose a grommet ψ j :
By Lemma 6.2 and Definition 9.2, the moment map Φ j restricts to a homeomorphism of the exceptional sheet S j ⊂ Y j with the image of Φ j . Hence there exists a
is a closed subset of M which does not meet the fiber Φ −1 (α). Since the moment map is proper, there exists a neighborhood V of α which does not meet the image under the moment map of any of these intersections.
If we define W := j W j ∩ V of α, and replace M by M ∩ Φ −1 (W ) and D j by D j ∩ Φ −1 j (W ), the grommets ψ j become wide. Also, the exceptional sheets ψ j (S j ∩ D j ) are then closed and disjoint, so we can shrink each D j to a smaller neighborhood of S j ∩ D j to obtain wide grommets whose images have pairwise disjoint closures.
Proof of Lemma 9.7. Let ψ j : D j −→ M be wide grommets such that ψ j ([t, 0, 0]) = E j are the exceptional orbits in the moment fiber Φ −1 (α) and such that the images ψ j (D j ) have disjoint closures in M . These grommets exist by Lemma 9.10. This will not be ruined if we further restrict to a smaller neighborhood of α.
Recall that the standard flattening of the local model Y j is
Then the restriction
is well defined. After this, the grommets determine a unique map δ on the images of D j /T in M/T such that the following diagram commutes.
(9.11)
We need to extend δ to the rest of M/T , perhaps after shrinking the D j s to smaller neighborhoods of S j ∩ Φ −1 j (U ). Using the stability of the moment map, Lemma 7.1 implies that on the complement of the exceptional sheets in the quotient M/T , the map Φ : M/T ⊔ j ψ j (S j ∩ D j )/T −→ (image Φ) induced by the moment map is a submersion. Namely, for each point [m] in the domain of this map there exists a neighborhood W of Φ(m) in t * such that a neighborhood of [m] is diffeomorphic to the product of a disk with W ∩ (image Φ) with the map Φ being the projection map.
The partial flattening (9.11) determines an Ehresmann connection for this submersion, defined on the open subset ⊔ j ψ j (D j S j )/T : we declare the horizontal tangent vectors to be those whose push-forward by δ is tangent to the sheets {q}×t * for q ∈ Φ −1 (α)/T .
We extend this to an Ehresmann connection on the entire complement of the exceptional sheets, M/T ⊔ j ψ j (S j ∩ D j )/T , perhaps after shrinking the D j s; this is easily done with a partition of unity. Then for a point p in M/T ⊔ j ψ j (S j ∩ D j )/T , any path γ in U which starts at Φ(p) can be lifted to a horizontal path in
We proceed as in the proof of Ehresmann's lemma. Let us assume that α = 0 and that U is a ball centered at 0. We can choose coordinates on t * such that (image Φ) becomes where, if (t 1 , . . . , t m ) are the coordinates of p, then g(p) ∈ Φ −1 (α)/T is given by g(p) = f −t1 1 · · · f −tm m (p).
Diffeomorphism between quotients
In this section, we show that if two complexity one spaces equipped with flattenings have the same genus and isotropy data, their quotients are Φ-diffeomorphic, in the sense of Definition 4.1: • it induces a bijection between the marked points in Σ and those in Σ ′ , and sends each marked point q j in Σ to a marked point q ′ j in Σ ′ with the same label;
• for each marked point q j ∈ Σ and q ′ j ∈ Σ ′ and corresponding grommets ϕ j and ϕ ′ j , the composition
which is a diffeomorphism from a neighborhood of 0 in C to another neighborhood of 0 in C, coincides with a rotation of C on some (smaller) neighborhood of 0.
Proof of Proposition 10.1. Let (M, ω, Φ, U ) and (M ′ , ω ′ , Φ ′ , U ) be complexity one spaces with flattenings about the point α ∈ U . Let Σ and Σ ′ be the associated marked surfaces, as in Definition 8.4. If the spaces have the same isotropy data, there exists a bijection from the marked points in Σ onto the marked points in Σ ′ which respects the isotropy labels. If the spaces have the same genus, this bijection extends to an orientation preserving diffeomorphism from Σ to Σ ′ ; this follows from standard differential topology. Moreover, this diffeomorphism can be deformed near the marked points into a rigid diffeomorphism h : Σ −→ Σ ′ . This type of result is standard in differential topology; see, e.g., [Ko, II, 5.2] .
The images of the moment maps Φ and Φ ′ are the same; this follows from Lemma 4.6 and from the fact that the isotropy data are the same. Let
maps given in the flattenings. Under the identification of the symplectic quotients Φ −1 (α)/T and Φ ′ −1 (α)/T with Σ and Σ ′ , respectively, the rigid diffeomorphism h : Σ −→ Σ ′ extends to a map
We will show that the map g : M/T −→ M ′ /T defined by
The diffeomorphism h fixes an identification between exceptional orbits in Φ −1 (α) and Φ ′ −1 (α) with the same isotropy representation. Thus, we can unequivocally denote by {Y j } the local models for the exceptional orbits over α in both M and M ′ . Let ψ j : D j −→ M and ψ ′ j : D ′ j −→ M ′ denote the grommets, with D j ⊆ Y j and D ′ j ⊆ Y j , and let E j and E ′ j denote the exceptional orbits in Φ −1 (α) and in Φ ′ −1 (α).
Our first claim is that the restriction
. This is easy: by the definition of flattening, the restrictions
by h is a diffeomorphism, since the smooth structures on Φ −1 (α)/T and Σ agree off the exceptional orbits.
It remains to show that g is a Φ-diffeomorphism in a neighborhood of each exceptional sheet ψ j (S j ∩ D j )/T . Let ϕ j : B j −→ Σ and ϕ ′ j : B ′ j −→ Σ ′ denote the grommets of the associated surfaces. Since h is rigid, there exist a j ∈ S 1 such that ϕ −1 j • h • ϕ j is given by rotation by a j ∈ S 1 on some neighborhood of the origin in C Let P j : (S 1 ) nj −→ S 1 be the defining polynomial for the exceptional orbit E j . Since P j is surjective, we may choose λ j ∈ (S 1 ) nj so that P j (λ j ) = a j . This defines an equivariant symplectomorphism from the local model Y j = T × Hj C nj × h 0 j to itself as follows:
This map induces a Φ-diffeomorphism on the quotient, g j : Y j /T −→ Y j /T . It remains to show only that the g j and g agree in some neighborhood of ψ j (D j ∩ S j ). Indeed, when we use the trivializing homeomorphism F j to identify Y j with C × (image Φ j ), the map g j sends (z, β) to (a j z, β).
Proof of the Local Uniqueness Theorem.
We now have all the ingredients to prove Theorem 1. We recall the statement:
Theorem 1. Let (M, Φ, ω, U ) and (M ′ , Φ ′ , ω ′ , U ) be complexity one spaces. Assume that their Duistermaat-Heckman measures are the same, and that their genus and isotropy data over a point α ∈ t * are the same. Then there exists a neighborhood of the point α over which the spaces are isomorphic.
Proof. Since the case that the moment fiber Φ −1 (α) contains just one orbit is covered by Proposition 2.2, we may assume that the moment fiber contains more than one orbit.
By Lemma 9.7, after possibly restricting to the preimage of a smaller neighborhood of α, we may assume that M and M ′ are equipped with flattenings. By assumption, the spaces M and M ′ have the same genus and isotropy data. Therefore, by Proposition 10.1, there is a Φ-diffeomorphism g : M/T −→ M ′ /T .
Since the spaces have flattenings, Condition (3.2) is satisfied. (See Corollary 9.8.) By assumption, the Duistermaat-Heckman measures of M and M ′ are the same. Hence, we can apply Propositions 3.3 and 4.2. The first implies that the map g lifts to a Φ-T -diffeomorphism from M to M ′ . The second then guarantees that there exists Φ-T -symplectomorphism from M to M ′ .
Proof of uniqueness for centered spaces
In this section we prove Theorem 2, which shows that the invariants that we described also separate centered spaces.
We recall Definition 1.5: A proper Hamiltonian T -manifold (M, ω, Φ, U ) is centered about a point α ∈ U if α is contained in the closure of the moment image of every orbit type stratum in M . The local normal form theorem, together with the properness of the moment map, imply that every point in t * has a neighborhood whose preimage is centered.
We recall the statement of the theorem.
Theorem 2 (Centered Uniqueness). Let (M, Φ, ω, U ) and (M ′ , Φ ′ , ω ′ , U ) be complexity one spaces that are centered about α ∈ U . Assume that their Duistermaat-Heckman measures are the same and that their genus and isotropy data over α ∈ t * are the same. Then the spaces are isomorphic.
Remark 12.1. In Theorem 2, if the moment fibers Φ −1 (α) and Φ ′ −1 (α) are each a single orbit, the centered spaces are isomorphic if the isotropy data are the same.
(The Duistermaat-Heckman measures and the genus are then automatically the same.) The proof for this case only uses three results from earlier sections: Propositions 2.2 and 3.3 and Lemma 5.4.
The following proof of Theorem 2 relies on a couple of technical lemmas which we postpone until after the proof.
Proof.
Case I: the moment fiber is a single orbit. By Proposition 2.2, there exists a convex sub-neighborhood V ⊂ U of α and a Φ-T -diffeomorphism (in fact, symplectomorphism) from Φ −1 (V ) to Φ ′ −1 (V ). By Lemma 5.6 we can choose V so that Φ −1 (V ) and Φ ′ −1 (V ) satisfy Condition (3.2).
By Lemma 12.2, this implies that there exists a Φ-T -diffeomorphism from (M, ω, Φ) to (M ′ , ω ′ , Φ ′ ), and that M and M ′ themselves also satisfy Condition (3.2). The Duistermaat-Heckman measures coincide; hence we may apply Proposition 3.3, which completes the proof. Case II: the moment fiber contains more than one orbit. By Lemma 9.7, there exists a convex sub-neighborhood V ⊂ U of α so that Φ −1 (V ) and Φ ′ −1 (V ) are equipped with flattenings. By assumption, the spaces M and M ′ have the same genus and isotropy data. Therefore, by Proposition 10.1, there is a Φ-diffeomorphism g : Φ −1 (V ) −→ Φ ′ −1 (V ). Since these spaces have flattenings, Condition (3.2) is satisfied. (See Corollary 9.8.) By assumption, the Duistermaat-Heckman measures of M and M ′ are the same. Hence, Proposition 4.2 implies that the map g lifts to a Φ-T -diffeomorphism from Φ −1 (V ) to Φ ′ −1 (V ). Proposition 3.3 completes the proof.
We have used the following "stretching lemma", which tells us that a centered space retracts onto a neighborhood of its central fiber. In a later paper we will use this lemma for spaces which may have complexity greater than one.
Lemma 12.2. Let t * be the dual of the Lie algebra of a torus T , U ⊂ t * an open convex neighborhood of a point α ∈ t * , and V ⊂ U any sub-neighborhood. Then there exists a convex neighborhood W of α contained in V , and a diffeomorphism f : U −→ W with the following property: for any proper Hamiltonian T -manifold (M, ω, Φ, U ) that is centered about α, there exists a smooth equivariant orientation preserving diffeomorphism F :
Before beginning the proof of Lemma 12.2, recall that the Euler vector field on a vector space V is given by X = x i ∂ ∂xi , where x i are linear coordinates. This vector field is the generator of the flow x → e t x, thus it is independent of the choice of coordinates.
Lemma 12.3. Let (M, ω, Φ, U ) be a proper Hamiltonian T -manifold. Suppose that U contains the origin 0 of t * , and that the space is centered about the origin. Then the Euler vector field X on t * lifts to a smooth invariant vector fieldX on M , that is, Φ * (X) = X.
Proof. By the local normal form theorem, it is enough to construct the vector field X on the local models. We can then patch together the pieces by an invariant partition of unity.
Notice that if a map Φ : V −→ W between vector spaces is homogeneous of degree m, then Φ * X V = mX W where X V and X W are the Euler vector fields on V and W ; this follows from the equality Φ(e t v) = e mt Φ(v). In particular, the Euler vector field on W lifts to a vector field on V . Similarly, if Φ i : V i −→ W i , i = 1, 2, are homogeneous (possibly of different degrees), and Φ = Φ 1 ×Φ 2 : V 1 ×V 2 −→ W 1 ×W 2 , then the Euler vector field on W 1 × W 2 lifts to a vector field on V 1 × V 2 . Consider a local model in M , namely, Y = T × H C n × h 0 , with a moment map Φ Y ([t, z, ν]) = α + Φ H (z) + ν. The stratum fixed by H is T × H (C n ) H × h 0 . Because the space is centered, we must have that α ∈ h 0 . Without loss of generality we may assume that α = 0. To lift the Euler vector field on t * to a T -invariant vector field on Y , it is enough to lift it to an H-invariant vector field on C n × h 0 . This is possible by the previous paragraph, because Φ| C n ×h 0 is bihomogeneous.
Proof of Lemma 12.2. Without loss of generality we may assume that α = 0. Choose ǫ > 0 so that an ǫ-ball about 0 is contained in V . Let g t : [0, ∞) −→ [0, ∞) for 0 ≤ t ≤ 1 be an isotopy such that g 0 is the identity map, the image of g 1 is contained in [0, ǫ), g t (x) ≤ x for all x and all t, and g t (x) = x for all x near zero and all t.
Take f t (v) = g t (|v|) v |v| for all v ∈ U {0} and f t (0) = 0; let f = f 1 . Let ξ t be the vector field on V which generates this isotopy: dft dt = ξ t • f t . Since ξ t vanishes near v = 0, we can write ξ t = ψ t · X, where ψ t : t * −→ R is a smooth function, and X is the Euler vector field on t * . By Lemma 12.3, there exists a smooth invariant vector fieldX on M such that ψ * (X) = X. Soξ t = (ψ t • Φ) ·X is a smooth invariant vector field on M which is a lifting of ξ t . Because Φ is proper, the vector fieldξ t generates an isotopy, F t . Take F = F 1 .
